Introduction
Among all submanifolds of Kahlerian manifolds, CR-submanifolds have been intensively studied from different points of view. Since A. Bejancu [1] introduced the concept, several important results have been obtained, some of them being brought together in [2] .
The purpose of the present paper is to consider and study the concept of contact CR-submanifold in case of a nearly Sasakian manifold. Example of a nearly Sasakian manifold see [4] , p. 90. In the first section we present some general formulae and basic results from theory of submanifolds in order to use them in the next sections. In the second section we obtain necessary and sufficient conditions for integrability of distributions defined on a contact CR-submanifold of a nearly Sasakian manifold. In the third section we are dealing with totally contact umbilical CR-submanifolds of a nearly Sasakian manifold M. More precisely, we prove that a totally contact umbilical CR-submanifold of M is totally contact geodesic provided the dimension of anti-invariant distribution is greater than 1 or the invariant distribution is autoparallel. Finally, in the fourth section we find theorems of decomposition for totally contact geodesic CR-submanifolds of M.
Preliminaries
In M be a real 2n + 1-dimensional differentiate manifold^ and /, £,77 be a tensor field of type (1.1), a vector field and a 1-form on M, respectively, satisfying where I is the identity on the tangent bundle TM of M. According to D. E. Blair [4] we say that M is an almost contact manifold and (/, if) is the almost contact structure on M.
Throughout the paper, all manifolds and maps are differentiable of class C°°. We denote by the algebra of the differentiable functions on M and by T(E) the 3"(Af)-module of the sections of vector bundle E over M. Now, suppose there exists a Riemannian metric g on M which satisfies
In this case, we say that (f, (,rj,g ) is an almost contact metric structure and M is an almost contact metric manifold.
D. E. Blair, in [4] has introduced the notion of a nearly sasakian structure as follows: an almost contact metric structure (/,£, t],g) is a nearly Sasakian structure if and only if
where V is the Levi-Civita connection on M.
It is easy to see (cf. [4] , p. 90) that on a nearly Sasakian manifold M, £ is a Killing vector field, and that any integral curve of the vector field £ is a geodesic, that is = 0, (see [5] ). Let M be an almost contact metric manifold and M be a m-dimensional submanifold of M such that £ is tangent to M. We say that M is a contact CR-submanifold of M if there exist two maximal distribitions D and Z) x such that (see [3] where BN and CN are the tangent part and normal part of fN, respectively. It is easy to check that t defines a /-structure on TM and C defines a /-structure on TMin sense of K. Yano [8] .
Next we define the torsion tensor of / or the Nijenhuis tensor of /, by
VX,Y € T(TM).
We recall the Gauss and Weingarten formulae, respectively,
where V and V 1 are the induced connections on TM and TM*-, respectively, A is the shape operator with respect to section N and h is the second fundamental form of M. The fundamental 2-form # of M by 
<P(X,Y) = g(X,fY),

VI,Fçr(M).
For any X, Y,Z,W G r(TM) we recall the curvature tensor K of LeviCivita connection V as
We also recall the Gauss equation 
is the normal component of K(X,Y)Z. Now for each plane 7r spanned by orthogonal vectors X and Y in the tangent space T X M, x 6 M, we define the sectional curvature K(ir) by
, we say that the sectional curvature K(TT) is a CR-sectional curvature.
Next we have 
Proof. Taking account of the fact that V is a torsion-free connection on M and by using (1.1) and (1.4) we deduce:
vx,r e r(TM).
On the other hand, from (1.3) we infer
VX,Y e r(TM).
From (1.11) and (1.12) it follows our assertion.
• From Proposition 1.1 we obtain COROLLARY 1.1. Let M ne a nearly Sasakian manifold. Then we have
By straightforward calculation, and by using (1.13) we infer
Integrability of distributions on a contact CR-submanifold of a nearly Sasakian manifold
The purpose of this paragraph is to find necessary and suficient conditions for integrability of the distributions on a contact CR-submanifold of a neraly Sasakian manifold. First, by using (1.3), (1.5), (1.11) and (1.12), we infer 
. Then by using (1.3) (1.10) and (1.12) we deduce
and our assertion follow from Theorem 2.1 and (2.6). for any X,Y,Z € r(TM). Then, by using (1.3) and (2.10) we infer,
vx,y,ze r(TM).
On the other hand, by straightforward calculation we deduce
From (1.10), (1.14), (2.11) and (2.12) we deduce 
15) g(h(X,Y),fZ)-g(h(X,Z),fY) = g(Z,(Vxf)Y) = g(X,(VYf)Z).
By using Proposition 2.3 and relation (2.15) we infer 
COROLLARYJ2.5. Let M be a contact CR-submanifold of a nearly Sasakian manifold M. The distribution D x is integrable if and only if (2.16) g(h(X,Y),fZ) = g(h(X, Z), fY),
. Then by using (1.10), we infer
Now, our assertion follows from (1.13), (2.21) and Proposition 2.4.
Totally contact umbilical CR-submanifold of a nearly Sasakian manifold
The purpose of this paragraph is to establish some properties ofjtotally contact umbilical CR-submanifolds of a nearly Sasakian manifold M. We say that a contact CR-submanifold M of a nearly Sasakian manifold M is totally contact umbilical if there exists a normal vector field H so that ( 
3.1) h(X,Y) = g(fXJY)H + r,(X) h(Y,Ç) + r¡(Y)h(X, 0, VX, Y € r{TM).
We say that M is totally contact geodesic, if H = 0, that is, Now, from (1.3), (3.7) and (3.8) obtain
(3.2) h(X,Y) = r¡(X)h(Y,0 + r¡(Y)h(X,t), VX, Y e T(TM).
LEMMA^3.1. Let M be a contact CR-submanifold of a nearly Sasakian manifold M. Then we have
which proves that H = 0. Therefore M is totally contact geodesic.
•
We say that the distribution D (resp. D If dim(Z)-1 -) = 1, we deduce a sufficient condition for totally contact umbolical proper CR-submanifolds to be totally contact geodesic. 
The proof follows from (1.2), (1.3) and (1.8) by straightforward calculation.
THEOREM 3.2. Let M be a totally contact umbilical proper CR-submanifold o£ a nearly Sasakian manifold M. Then any CR-sectional curvature of M is not negative.
Proof. By straightforward calculation, we deduce Proof. By using (1.5) obtain From (4.5) and (4.6) it follows our assertion.
• 
